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Abstract 

The article is devoted to the investigation of operators on a non 
locally compact group algebra. Their isomorphisms are also studied. 



1 Introduction. 

Group algebras play very important role in algebra, harmonic analysis and 
operator theory [6, 7, 8, 9, 10, 15]. Group algebras were extensively studied 
for locally compact groups. One of the main instruments in those investi- 
gations was an existence of a Haar measure, which is characterized by such 
essential properties as of being left or right invariant and quasi-invariant 
relative left and right shifts and to the inversion on the entire group. 

But substantially less is known for non locally compact groups. If a 
nontrivial Borel measure on a topological Hausdorff group quasi-invariant 
relative to the entire group is given, then such group is locally compact 
according to A. Weil's theorem. Therefore, on non locally compact Hausdorrf 
groups Borel measures may be quasi-invariant relative to proper subgroups 
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only. This is the reason of many differences between group algebras of locally 
compact and non locally compact groups. For non locally compact groups 
they are already nonassociative. This work continues previous publications 
of the author. 

In this article families of topological groups which may be non locally 
compact are considered. Group algebras of non locally compact Hausdorff 
topological groups are studied. Particularly, operators on non locally com- 
pact group algebras and their isomorphisms are investigated. Borel regular 
radonian measures /i a on topological groups G a quasi-invariant relative to 
dense subgroups Gp are taken. The Radon and Borel regularity properties 
for measures are not very restrictive (see chapter 1 in [2] and chapter 2 in [5] ) . 
The constructions of such measures were described in [2, 3, 11, 12, 13, 14] 
and references therein. 

The main results of this paper are obtained for the first time and are 
contained in Theorems 11, 15, 16, 18. 

2 Group algebra 

1. Definition. Let A be a directed set and {G a : a G A} be a family of 
topological groups with completely regular (i.e. T"i flT 3 i) topologies r a such 
that 

(1) 00 : G/3 — >■ G a is a continuous algebraic embedding with continuous 
inverse 00 (Gp) is a proper subgroup in G a for each a < j3 G A; 

(2) r a n 00 (Gp) C 00 (rp) and 00 (Gp) is dense in G a for each a < (3 G A; 

(3) G a is complete relative to the left uniformity with entourages of the 
diagonal of the form U = {(h, g) : h, g G G a ; hr l g G U} with neighborhoods 
U of the unit element e a in G a , U G r a , e a G U; 

(4) for each (5 = <p{a) the embedding 00 is precompact, that is by our 
definition for every open set U in Gp containing the unit element ep a neigh- 
borhood V G Tp of ep exists so that V C U and 00 (V) is precompact in G a , 
i.e. its closure cl(00(V)) in G a is compact, where : A — > A is an increasing 
marked mapping. 

2. Definition. Suppose that 

(1) fi a : B{G a ) — > [0, 1] is a probability measure on the Borel a-algebra 
B(G a ) of a group G a from §1 with fi a (G a ) = 1 so that 

(2) /j, a is quasi-invariant relative to the left and right shifts on h G 00 (Gp) 
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for each a < (5 G A, where p^h.g) = (i&)(dg) / ' p{dg) and p l ^ a (h,g) = 
(Pa h )(dg)/ (J>(dg) denote quasi-invariance /i a -integrable factors, /^(S 1 ) = pi^Sh^ 1 ) 
and p a ,h(S) = p a {h~ l S) for each Borel subset S in G a . Moreover, 

(3) let a density ip a (g) = Paidg -1 ) / p a (dg) relative to the inversion exist 
and let it be /z a -integrable. 

A subset E in G a has /i Q -measure zero, if a Borel subset F in G a exists 
such that E C F and p a (F) = 0. The completion of B(G a ) by all p a - 
zero sets will be denoted by A(G a ). The measure p a has the extension 
u a : 2 G « ->• [0, 1] such that u a (E) := inf{// Q (F) : E C F and F G B(G a )}, 
where 2 Ga denotes the family of all subsets in G a . The measure v a is Borel 
regular, that is, by the definition all open subsets in G a are z/ Q -measurable and 
each subset E in G a is contained in a Borel subset F so that v a (E) = v a {F). 
Evidently, v a (F) = p a {F) for each Borel subset F in G a , so u a on 2 Ga will 
also be denoted by p a . 

Henceforth, it will be supposed that 

(4) a subset W a G A(G a ) exists such that p r ^ a (h,g) and p l ^ a {h,g) are 
continuous on 6^{Gp) x W a and if) a (g) is continuous on with // a (W a ) = 1 
for each a G A with /3 = 0(a). Let also each measure p a be radonian, that 
is for each e > a compact subset V in G a exists such that p a {G a \ V) < e. 

3. Notation. Denote by Lq (G a , p a ) a complex subspace in L 1 (G a , p a , C), 
which is the completion of the linear space L°(G a , C) of all simple functions 



where bj G C, Fj G A(G a ), Fj fl F k = for each j 7^ /c, ;\> denotes 
the characteristic function of a subset F, Xf{x) = 1 for each x G F and 
Xf(^) = for every x G G Q \ F, n G N. A norm on Lq (G a ) is by our 
definition given by the formula: 



where fh(g) '■= f(h 1 g) for h,g G G a , L 1 (G a , p a ,C) is the usual Banach 
space of all /immeasurable functions u : G a — >■ C such that 



7! 



(!) H/IIl*. (G a ) : = SUp ||/h|| L i( Ga ) < 00, 
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Suppose that 

(3) : A — )■ A is an increasing mapping, a < <p(a) for each a E A. We 
consider the complex space 

(4) L°°{L Gp {G a ,n a ) : a < (3 E A) := {/ = (f a : a E A); / a G 
L hf,( G a,Ha) for each a G A; H/H^ := sup a6A ||/ a || £ i, (Ga) < oo, where 
/3 = 0(a)}. 

When measures /i a are specified, spaces are denoted shortly by Lq (G a ) 
and L°°(L Gfj (G a ) : a < (3 E A). 

4. Proposition. Supply the family L°°(Lq (G a ) : a < /3 E A) /rom §5 
wtt t/ie multiplication f*u = w such that 

(1) w Q = ff3*u a = / fp(h)u a (6 p a {h)g)^p{dh). 

Then L°°(Lq (G a ) : a < f3 E A) is the complex normed algebra generally 
noncommutative and nonassociative. 

Proof. Evidently L°°(Lq (G a ) : a < /3 E A) is the complex linear 
normed space, since 

||a/+6«||oo : = sup ||a/ a +6u a || L i (Ga) < sup |a|||/ Q || £ i (G a )+ su P |6|||« q ||li ( Ga ) 

= HII/Hoo + |6|||«||oo 

for each functions f,u E L°° (L G g (G a ) : a < (3 E A) and complex numbers 
a, b E C, where /3 = 0(a) for each a E A. On the other hand, 

ll//3* M a||L^(G Q ) < ll//3|U 1 (G^)lkalU^(Ga) < II f/3 II (Ga) W U * II (Ga) 

in accordance with Lemma 17.2 [12], since \\f^\\ L ^(G^ < II //3 II l^(g q )> conse- 
quently, 

\\f*u\\oo < ||/||oo|M|oo- 

The noncommutativity and the nonassociativity of this multiplication 
follows from Formula (1). 

5. Corollary. The family of all nonnegative functions V :— {/ : / G 
L°°(L G p(G a ) : a < (3 E A); f a (x) > \/x E G a \/a E A} is a lattice. 

Proof. If /, u E V and a > and b > 0, then af + bu E V, f A u = 
mm(f,u) E V ', / V g = max(/, g>) G "P, since af a (x) + bu a (x) > and 
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min(f a (x),u a (x)) > and max(f a (x),u a (x)) > for each x G G a and 
a G A. Moreover, from /i a (S) > for each S G B(G a ) and a G A and from 
Formula 4(1) it follows that (f*u) a (x) > for each x G G a and a G A, 
consequently, /£u G V for all f,u&V. 

6. Corollary. TTie operators Tf and Tf defined by the formulas 

(1) TfU := /*ti and 

(2) TfU := u*/ are C-linear and continuous on the algebra L°°(Lq (G a ) : 
a < (3 G A) for each f G L°°(L^ p (G a ) : a < [3 <E A). 

7. Lemma. Let an operator U g be given by the formula: 

(1) U gf J a (x) = f a (6^ a (g ri )x) for each a G A with (3 = 0(a), g p G Gp, 
x G G a , then U g : L°°(L^(G a ) : a < /3 G A) -> L°°(L l Gfj (G a ) : a < /3 G A) 
zs t/ie linear isometry for each g = {gp : j3 G A, gp G G73}. 

Proof. Evidently, U g (af + bu) = at) g f + bU g u for each a, 6 G C and f,uE 
L°°(L^ p (G a ) : a < (3 E A), since U gp {af a {x) + 6u Q (a;)) = af a (9^(gp)x) + 

bf a {0a{g/3)x) = aU gf} f a {x) + bU gfj u a (x) for each ct G A with /3 = 0(a), G 
x G G Q . The isometry property follows from the equalities: 

\\U g f\\oo= sup sup / \f a {he f3 a (gp)x)\ii a {dx) 

= sup sup / |/ a (/ia;)|^ a (da:) = ||/||oo- 

8. Lemma. The operator U g from §7 satisfies the equality: 

(l) Ug(f*U) = f*U g U 

for each f,uE L°°(LQ p (G a ) : a < (3 G A) and every g = {gp : (3 G A, g^ G 
Proof. Formula (1) follows from the equalities: 

U gp (fp*u a )(x) = / fp(h)u a ((e^(hgp)x))np(dh) = (fp*(U 90 u a ))(x) 

JG/3 

for each x G G a , a G A, /3 = 0(a). 

9. Corollary. >1 bijective correspondence between elements g G FLeA G a =: 
G and operators U g exists so that 
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(1) UgUh = Ugh for each g,h G G. 

Proof. The group G consists of elements g = {g a : a G A, g a G G a } 
with the multiplication p/i = {g a h a : a G A} and the inversion g^ 1 = 
{g^ 1 : a G A}, since g Q /i a G G Q for each a G A. This group G is the 
topological group relative to the Tychonoff (product) topology r* with the 
base V = V a x II 7 GA;7^a where \4 G r a , r a is the topology on G a , a G A. 
It is also the topological group relative to the box topology r b with the base 
V — HaeA Va, where V a G r a is open in G a for each a G A. Then we deduce 
that 

u gp u hp f a {x) = u gp {u hp f a {x)) = u gp (f a (ei(h p )x)) = 

for each a G A with j3 = 4>(a), where x G G a . The latter relation implies 
Formula (1). 

10. Proposition. The representation U : (G, r b ) — > L°° '(Lq g {G a ) : ct < 
/3 G A) is strongly continuous. 

Proof. Each bounded either continuous or simple function / : G a — > C 
evidently belongs to Lq (G a ), since \i a is the probability measure and 

(1) \\f\\v- G {G a ) < SUP \f{x)\ < OO. 

Each compact subset V in G Q is closed in G a in accordance with Theorem 
3.1.8 [4], consequently, every compact subset V is a Borel subset. 

For an arbitrary marked function u G L G (G a ) from the inclusion L Gf} (G a ) C 
L 1 (G a ), the Borel regularity of the measure fx a , Conditions 2(1 — 4) and 
Lusin's theorem 2.3.5 [5] it follows that for each e n > a compact sub- 
set E n = E n (u) in G a exists so that the restriction u\e u is continuous and 
/i a (G Q \ E n ) < e n , since the measure // a is radonian and for each 5 > a 
compact subset V in G Q exists such that fi a (G a \ V) < 5 and considering 
u\v and /J> a \B(v)- Take a monotone decreasing sequence e n such that e n I 0. 
Then /J, a (G a \E) =0, where 

oo 

£?(«) = S := [J E n . 

n=l 

For every 5 > and each restriction simple function 

m(n) 
3=1 
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exists such that 

sup \u(x) — v n (x)\ < 5, 
xeE n 

where b^ n G C, F^ n G B(E n ), m(n) G N. Put Vq(x) = on G a \ E and 
take the combination v of these mappings v n , then sup^^ \u(x) — v(x)\ < 5 
and hence v G Lq (G a ) due to Inequality (1). 

In accordance with §3 in each space L G ^(G a ) the linear space of all simple 
functions 

(2) f(x) = j2*>iXF j (x) 

3=1 

is dense, where bj G C, Fj G A(G a ), xf denotes the characteristic function 
of a subset F, Xf(x) = 1 for each x G F and Xf(x) = for every x G G a \F, 
p G N. 

In view of Lemma 7 it is sufficient to prove, that the representation G 3 
g !->■ Ugf a is continuous on each simple function f a G L G (G a ), when G is 

supplied with the box topology r b , since \\U g (f a — u)\\ = \\f a — u\\. 

Now we take E n = E n (f a ) and E = E(f a ) as above. The measure fj, a is 
quasi-invariant, consequently, 

(3) n a {hr\G a \ E)) = and hence ^{[h^E] nW a ) = I for each h G 
9^{Gp) with /3 = 0(a) and a G A. 

On the other hand, 

(4) - t> e ^/ a (x) = f a (0P(gp)x) - / Q (x) and 

\\[K-K\U X )H (G a ) = sup / \f(h6^)x)-f(hx)\Udx) < 2\\f\\ Lh {Ga) < oo 

for each a G A with /3 = 0(a), gp <E Gp, x G G Q , since 9^(e^) = e a is the 
unit element in the group G a . 

For each S > an element G 9^{G^) exists such that 

(5) \\\Ux)\\ Lh {Ga) - [ \f a (h 5 x)\fi a (dx)\ < 5. 

Evidently, the series 

(6) f \f(hx)\ii*(dx) = £ Ib^h-'Fj) < N 

Ga 3=1 3=1 
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is finite, since /i a is the nonnegative measure and /i a (G a ) = 1 and p G N is 
a natural number. Each measure 

(7) ^^tl^-ia^nA) 
J'=l 

is <T-additive on A{G a ) and absolutely continuous relative to /i a due Formula 
(6), where A G A(G a ), h e Gp. 

For a given arbitrary positive number e > take a natural number no 
such that e > e n for each n > n . Choose a marked natural number m > n . 
From Theorem 4.5 [8] and Formulas (1 — 4, 7) and Conditions 1(1 — 4) and 
2(1 — 4) it follows that for each 5 > a symmetric Vp = Vp 1 neighborhood 
of ep in G/3 exists such that 9^(Vp) is precompact in G a and 

v v 

(8) / IE h iXF 3 {Q%p)hx) - ]T b jX F 3 (hx)\ii a (dx) < 5. 
JG a nE m j=\ 

This is possible by a choice of a sufficiently small Vp such that the left quasi- 
invariance factor p l (a,b) is bounded on Vp x (W a n E m ), since p« is con- 
tinuous on Gp x W a and £' m = E m (f a ) is compact. Indeed, the product 
cl(9^{Vp))E m =: Q m is compact in G a as the product of two compact sub- 
sets in the topological group G a (see §4.4 in [8]) and E m C Qm- From the 
choice of E m we infer, that 

(9) L ^ \j^b jX FM^)hx)-j^b jX F j {hx)\^ a {dx)<2ej^\b j \ 

JG a \E m j =1 j =1 j =1 

for each h G 9^(Gp). 

Thus from (8, 9) it follows ,that for each 5 > a neighborhood Vp of 
ep in exists such that \\[U 9fj - U ep ]f a (x) (G a ) < 5 for each 9fi e V P- 

Taking V = FLeA^* we get that ||[C/ 9 — U e ]f\\ < S for every g G V, where 
/ = (/„: a G A) e L°°(L^(G a ) : a < /3 G A). 

11. Theorem. Suppose that a continuous mapping S : L°°(Lq (G a ) : 
a < /3 G A) — )■ L°°(Lq j3 (G' q ,) : a < /5 G A) satisfies the following conditions: 

(1) 5 is linear over the complex field so that Sf = (S a f a : a G A) u>w7i 
So/a ^ Lq (G a ) for each a G A, where (3 = 0(a); 

(2) positive, i.e. S a f a is positive if f a is positive for each a G A; 
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(3) S(f*g) = f*Sg for every f,g G L™(L^(G a ) : a < f3 G A). 

Then elements a G G and p = {p a : p a > Va G A} G R A exist so that 

(4) S = pU a , that is S a f a (x) = p a Ua fj fa{.x) for any a G A with f3 = <f>(a) 
and each x G G a . 

Proof. In view of Corollary 5 the family V of all nonnegative elements 
forms the cone. Conditions (1,2) imply that 

(5) S(f Vg) = (Sf) V (Sg) and S(f A g) = (Sf) A (Sg) and 

(6) S(V~ l9n ) = V™ =1 (Sg n ) and S(A™ =1 g n ) = A™ =1 (Sg n ) on V. 

Being continuous the operator S is bounded. We consider a subset E 1 = 
IlagA -^a such that E a G v4(Gq.) for each a. The function 

(7) 6? = {XE a : a G A} belongs to L°°(L^(G a ) : a < /3 G A), 
since f Ga XE a (x)fi a (dx) = ji a {E a ) < fj, a (G a ) = 1 for any a. The func- 
tion ^(rr) := S£e(%) is positive by the conditions of this theorem, hence 
VE,a ■■= S a XE a ( x a) > on G a and 

(8) VE, a ( x a) > for each x a G T Sja (E a ) and every a G A, where Ts, a (E a ) 
denotes a subset in G a on which a function 77^^ is positive which is defined 
up to a /i a -null set. From Formulas (5) we get that 

(9) T s , a (E a U F a ) = T s , a (E a ) U T s ^F a ) and T 5 , Q (£ a n F a ) = T s , a (E a ) n 
Ts, a (F a ) for each ct G A and E a , F a G ^.(Gq,). Moreover, the definition of 
Ts >a {E a ) by Formula (8) implies that 

(10) (T5)- 1 = T s -i, that is (Ts^)' 1 = T s -i, a for any a G A. 

For a marked a G A and /3 = 0(a) we next consider a base of symmetric 
neighborhoods U a>v = U~l and Up jV = Up l of the unit elements e a in G a and 
in Gp, satisfying the conditions: 

(11) Up >v C C/ aj „ n Gg for each t> G T Q ( g, where 

(12) T Q)( g is a directed set by inclusion: v < t if and only if £7 Q)t C so 
that for each t> G T Q)( g there exists g(t>) G T Qj( g with g(u) > v and U a ^ v ) C 
C/a >w and C/a,9(t;) 7^ ^a,*, ^ = id' 1 ■ 9 e ^a,«}- Then we put 

(13) = Xi/a,«> »7a,v = S a £ a>v , Cv ■= {£a,v ■ a e A} and r) v := {rj a>v : 
a G A} for any t> G T Q ( g. Below the proof of this theorem is continued and 
is based on the following intermediate lemmas. 

12. Lemma. Let P = T^U, that is P a)V = Tg^(U a:V ) for each a G A 
and v G T a ^, where T$ and U a<v and T Q)( g with (3 = <p(a) are as in $11. 
Then for any a G A and for each v G elements w — w(v) G T Q (3 and 
ap >v G Gp exist such that 

(1) a^ v U^ v D P/3, w (v) U V to « lip-null set. 
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Proof. Suppose the contrary that there exists Up jV so that apUp )V does 
not cover //^-almost entirely the set Pp tW for any w G T a> p and any ap G 
Gp. Since U a>v is a base of neighborhoods of the unit element in G a there 
exist t,s G T Q)/3 such that C/| t C Up >v and C/J C Up >v . Take two elements 
a p,\i a p,2 £ G73 satisfying the conditions: 

' (2) A a = cl a e^([ap tl U fi ,t]r\P fi , 8 ) and B a = cl a 9^[ap :2 Up >t ]nPp, s ) and Ap = 
[ap,iUp,t\ n P/3, s and 5^ = [a^t/g,*] n P/3, s with /i a (A a ) > and fx a (B a ) > 
and Hp(Ap) > and fip(Bp) > and 

(3) fl BpUp t t = 0, where cl a (A) denotes the closure of a subset A in 
G Q . This is possible, since the group 9^(Gp) is dense in G a and the quasi- 
invariant radonian Borel regular measures fi a and \ip are positive on each 
open subset in G a and Gp correspondingly. 

Then the sets 

(4) C a = Tg^(A a ) and D a = Tg^(B a ) are /immeasurable and C a LiD a C 
cl a (Up ;S ), also (Tg = Tgg(Ap) and Z)g = Tgp(Bp) are /immeasurable and are 
contained in C/g )S , Cp U ^ C C/^g. From Conditions 11(10, 11) we deduce 
that 

(5) C- x D a C cl a (Up :V ) and CfDp C 
Applying Formula 11(3) we infer the following: 

(6) (xc p *Xd a (u Pit ))(x) = Xc p {h)xd a {Up, t ){Oi{h)x)np{dh) 

JGp 

= / Xci a (u f3:t )(0^(h)x)fip(dh) = np{Cp n cZ a (C/' i 9 )t x" 1 )), 

consequently, (xcp*Xd a (Up it ))(x) = V>p{Cp) > for each x G D a , since 
C" 1 ^ C cl a (Upj) and C^Z^ 1 C cl a (U^) = cl a (Up >t ) and hence 

(7) (xcp*Xd a (tf a ,«))(aO >^p{Cp)x Da {x). 

Then the inequality 

(8) S[xc p *Xd a {Up, t )) = (XCp*S X d a (Up :t )) > Hp(Cp)SxD a 

follows from Formulas (7) and 11(3). Applying Conditions (2) one gets A a = 
TsACa) = {x : S X c a (x) > 0} and B a = T s , a (D a ) = {x : S X D a (x) > 0} and 
Ap = T s ,p(Cp) = {x : Sxcp(x) > 0} and Bp = T s ,p( D p) = { x ■ Sxd p (x) > 
0}. On the other hand, from Formulas (3) we deduce the following: 

(9) S{xcp*Xd a {Up, t )){x) = S xcp(h)fip(dh) = 0, 

JGpC\Up tt x 1 



10 



since Ap D {BpUpj) = and hence Tg^Ap) n Tg^BpUpj) = so that 
C/3 fl (DpPpj) = 0. But Formula (9) contradicts (7), that finishes the proof 
of this lemma. 

13. Lemma. Let an operation * on M(Gp) x Lq (G a ) be defined by the 
formula 

(1) (i/*u)( ff ) = / u(dh)u(eZ(h)g) 

for each g G C Q , where M(Gp) denotes the set of all finite radon measures v 
on G/3 supplied with the norm. Then the mapping * : M(Gp) x Lq (G a ) — >■ 
L G (G a ) is bilinear and continuous. 

Proof. From Formula (1) it follows that (v*(au + bg)) = a(v*u) + b(u*g) 
and (av + bfj)*u = a(u*u) + b(fi*u) for any complex numbers a,b £ C, 
radonian measures i/, // G M(Gp) and functions u,g <E L G (G a ). Remind 
that the space M(Gp) is supplied with the standard norm: \\u\\ = \u\(Gp), 
where \u\ = u + + v~ is the variation of v with the standard decomposition 
v = u + — v~ into the difference of two nonnegative measures u + and v~ . 
Then 

sup / | / v(dh)u(9?(h)(sg))\pi a (dg) < 

sup / {\u\(dh) [ \u{ei{h){sg))\n a {dg)} 

se^(G (9 ) JG /3 JGa 

due to Fubini's theorem, consequently, 

(2) \\uiu\\ Lh ^ Ga) < \W\\\\u\\ Lh ^ Ga) . 

The latter inequality implies the continuity of such skew convolution * : 
M{Gp)xL Gfj {G a )^L Gp {G a ). 

Continuation of the proof of Theorem 11. By transfinite induc- 
tion and Teichmiiller-Tukey's lemma applying Lemma 12 one gets a base of 
symmetric neighborhoods of the unit elements such that 

(14) Up t C Up yV and Up s C Up jV for each t G \(P,v) and s G v(P,v), 
where X(j3,v) C v(j3,v) are cofinal subsets in T Q)( g all elements of which 
are greater than v (see also §1.3 [4]); and Conditions 11(11,12) and 12(1). 
The inclusion Pp >v D Pp q for each v < q leads to ap >v Up >v fl ap >q Up^ q ^ 0, 
consequently, 
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(15) a p ] v ap A G Up jV Up,l 

and hence {ap tV : v } is a fundamental (Cauchy) net in Gp. But Gp is the 
topological group complete relative to its left uniformly (see §§8.1.17 and 
8.3 [4]). Therefore, this net converges lim^ag^ = dp in Gp. From (15) the 
inclusion ap G ap tV U^ v follows, consequently, 

(16) apUp tV D ap )S Up )S D Pp, w {s) for every s G v(/3,v). 
In view of Proposition 17.7 [12] 



;i7) "v-- 



for each / G LQ p (G a ), since pp(Up^ s )) > 0, where /3 = 0(a). 

The left quasi-invariance factor p l ^ a (0^(h),g) is continuous on Gp x W 7 ^ 
and satisfies the cocycle condition 

for all h,t G Gp and <? G G a . The probability measure p a is Borel regular 
and p a (G a ) = fJ> a (W a ), consequently, W a is dense in G a and hence has a 
continuous extension onto Gp x G a due to the cocycle condition and since 
T a n#f (Gg) C 0^(rp), where /3 = <f>(ct). Henceforth, we denote this continuous 
extension by the same symbol p l . 

Take a net of bounded functions f a , K , y G Lq (G a ) such that 

(18) lim / f a ^ y (g)p a (dg)pp{dh) = 5 y (dh) 

K JG a 

in M(Gp), where 5 y (dh) denotes the atomic Dirac measure on Gp with atom 
at y G Gp, k G K, where K is a directed set. Without loss of generality these 
functions can be chosen such that the linear span over the complex field C 
of the family of functions spanc{f a>R ^ y : y G Gp,n Q < k G K} is dense in 
L^(G a ) for each k G K. 

A subspace of continuous functions in L^(G Q ) is dense in this space 
L l G/j (G a ) (see also §10). 

In the space the net — „f'"' (s) , converges to the atomic Dirac 

measure 5 ep on Gp. Consider these family of functions related by the left 
shifts with weight factors 

fa, K ,eM(y)g) 



fa,K,y(g) 



p l , a (okv),e a ) 
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where y G Gp, then we infer that 

(19) / f a , K>ea (e^(hy)g)fi a (dg)fip(dh) = [ f a , K , e (s) P ^ a ^ fi a (ds)fip(dh) 

P^ a (^(y),e a ) 

and 

since e@g = g. 

Consider particularly f ave „ = X Y T ^ V \ Applying Formulas (17 — 20) and 
8(1) and Lemma 13 we deduce that the limit 

hmhm( — * — TTT^) = > 

converges and is independent of h e G^, where := H'S'aXi/ ||> since S is 
a bounded linear operator and 

and 

lim r*f ajK: y = / r(h)S y (dh) = r(y) 
for each continuous bounded function r on Gg. Therefore, 

P^(^M,e a ) 
on Lq (G a ) for each a, where /3 = 0(a). Moreover, 

11511 = SUp Pa||C/a^|U(X,X) 

a€A ;/ 3=</>(a) 

with X = L°°(Lq (G a ) : a < (3 E A), where L(X, F) denotes the normed 
space of all bounded linear operators from X to Y with X and Y being 
complex normed spaces. 

14. Lemma. Le£ X 6e the scalar continuous operator 



q f _ ^/JqA a\ pji aj jj f _ jt r 
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(1) Kf = pf for every f G L°°(L^(G a ) : a < f3 G A), that is K a f a = 

Pa fa with p a > /or each a G A. Tnen £/iis operator K satisfies Conditions 
11(1 - 3) and 

(2) / ~ Kf, that is f ~ u by the definition means that for every t if f a > 
and u a > and t a > /or eac/i a G A t/ien {/ a A t a = 0} {w a A t a = 0} 
/or any a G A, where f,u,t G L°°(Lq (G a ) : a < (3 G A). 

Proof. Properties 11(1 — 3) are evidently satisfied for i^. Condition (2) 
is also fulfilled, since supp(f a ) = supp{p a f a ) for each a G A. 

15. Theorem. Topological group rings L°°(L G (G a , fi a ) '■ ol < (3 G A) 
and L°°(L l Gi3 {G ai u a ) : a < f3 G A) are isomorphic if and only if measures fi a 
and v a are equivalent for each a G A. 

Proof. If measures are equivalent, an isomorphism of topological group 
rings (and algebras) is given by 

(1) L G[j {G a ^ a )3 f a ^ f a ^ eL Gfj {G ai v a ) VaeA. 

Vice versa if topological group rings are isomorphic, all their represen- 
tations in L(X,X) are equivalent, where X is a complex Banach space, 
L(X,X) denotes the Banach space of all continuous linear operators on X 
into X. Particularly, ring representations induced by unitary regular repre- 
sentations of groups Gp are also equivalent. A regular unitary representation 
T 13 ^" : G/3 — >■ U (X a ) is prescribed by the formula 

(2) T^(h)f a (x) = ^ Ptl M(h),x)fM(h' 1 )x), 

where j3 = <f>(a), a G A, h G Gp, X a := L 2 {G a ,ji a , C), U(X a ) denotes the 
unitary group on the Hilbert space X a . The representation T^^ a is strongly 
continuous on each Gp (see also [12] and References 55 and 181 and 195 there 
and §10 above). 

The family of all simple functions of the form 

n 

(3) fa = J2 b 3XB aJ 
3=1 

with n G N, bj G C, open subsets B a j in (G a ,T a ), B a j fl B a ^ = for all 
j 7^ k, is dense in X a , since the measure /i a is Borel regular. On the other 
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hand, B aJ n 0^(Gp) are open in Gp, since T a n #f (G73) C #f (ts). From the 
latter property it follows that 

n 

i=i 

where Xgj is open in Gg for each j. Therefore, the topological density d(X a ) 
of the Hilbert space X a is not greater than that of Xp, consequently, there 
exists an isometric linear embedding 
(4) rfi-.X*^ Xp. 

Let Y be a Banach space consisting of all vectors y = (y a : y a G X a , a G 
A) with 

IMI = SU P WVaWxc < oo, 

it can be also denoted by Y = loo(X a : a G A). The embedding X a ®Xp c — >• Y 
induces the embedding L(X a ,X a ) © L(Xp, Xp) <->• L(Y,Y). If a strongly 
continuous unitary representation T a : G a — > L(X a ,X a ) is given for each 
a G A, then taking Bochner's integral 

:= / U9)T a (g)y a ^(dg), 

JG a 

where f a G Lq (G a ) with /3 = 0(a) and y Q G X Q , we get a strongly con- 
tinuous representation R : L°°(Lq (G a , : ct < /3 G A) — >■ L(Y, Y), since 
X Q © Xg has an embedding into Y and 

R(up*f a )(yp © y a ) := R[ I up{h)f a (9^(h)g)fxp{dh)]yp ®y a = 
f f (T^(h)up(h)yp) © UM(mT a {ei(h)g)y a ^(dh)^{dg) 

J G ft J Got. 

= R l3 (up)~*R a (f a )(yp(By a ) 

for each a G A with (3 = <p(a). Therefore, R(u*f) = R(u)*R(f) for each 
f,ueL°°(L 1 Gf) (G a ,fj. a ) :a<f3e A). 

On the other hand, the embedding rfp : X a — >■ X^ provides an equivalence 
relation S a so that x T 7 ' 1 '' 3 induce a unitary representation T^' 7 : x 
G 7 ->■ ^(X^) for which 

(5) T^(gp,g 7 ) = f^(gp)T^(g y ) G U(Xp), 
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where a representation T^'^ a is induced by T^ ,tJia and the embedding rfp. 
Thus using an approximation of Dirac's measure 8 Z on Gp we get that an 
equivalence of two representations of two rings L°°(Lq (G a , /i a ) : a < (3 G 
A) and L°°(L Gfj (G a , v a ) : a < (5 G A) provides an intertwining operator 
of two regular unitary representations T 13 '^" and T^ ,Va such that A 13 : 
L 2 (G Q ,z/ a ,C) — >■ L 2 (G a , fj, a ,C) is a linear isomorphism of Hilbert spaces 
for each a G A. Measures /i a and v a are regular Borel measures, while 
each group G a is Hausdorff, hence these regular representations distinguish 
different elements of Gp, that is they are injective. Thus 

(6) T^^ a = A l3 T l3,Ua (A l3 )~ 1 

From this it follows, as it is known from the literature, that measures fi a and 
u a are equivalent (see also [12] and References 55 and 181 and 195 there). 
We shortly recall a way of the proof. 

A Borel subset J G B(G a ) is of ji a measure zero, i.e. J G Xjd^a = 0, 
if and only if J G kxjdjj, a = for each nonnegative continuous function k 
on G a . If V is a linear topological isomorphism of L 2 (G a , fj, a , C) onto itself, 
then J G V(x.j)dfi a = 0. Therefore, an operator V preserves invariant a set 
of nonnegative functions s on G a with fi a (s) := J Ga sdfj, a = 0, that is the 
family of all subsets in G a of ^-measure zero is invariant under V. 

Consider matrix elements 

(8) (T^(g)x,y) = {A^T^ig^A^x^y) 

for each x,y G X a . Evidently, ||y|| = if and only if the scalar product in 
(8) is zero for each x G X a and g G Gp. Sets E n ^ a and E n ^ a for measures 
fj, a and u a can be considered as E n in §10. Then the limit 

ir L K^) _1 [i-x^JM^ = o 

exists, since lim n fj, a (G a \ E n ^ a ) = and the linear operator (A 13 )' 1 is con- 
tinuous. Symmetrically 

lira/ \AP[l- X E n ,J\dii a = 0. 

Each left shift : G a — > G a with h G 9^(Gp), L^g = hg, induces an 
isometry f a (g) ^ f a (hg) of L G (G a , fi a ) onto itself and also for L G (G a , v a ). 
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If {U ajV : v } is a base of neighborhoods of the unit element in G a , an arbitrary 
element q G G a is marked, then there are elements gp,v,q G 6P(Gp) such that 
9l3,v,qU a ,v is a base of neighborhoods of q. 

By Cauchy-Bounyakovskii's inequality \(T^^ a (g)x m ,y)\ < \\x m \\ since 
||T^ ,Ma ((?)|| = 1, hence if x m — > 0, then (T l3 '^ a (g)x m ,y) — >■ uniformly by 
g G Gq, with m tending to the infinity. If z m G L 2 (G a , fi a ,C) are nonzero 
vectors, then 6 m z m /||z m || for each sequence of complex numbers b m 
tending to zero, when m tends to the infinity. A nonequivalence of mea- 
sures would lead to a contradiction when one regular representation would 
be strongly continuous and another not on certain vectors, but these repre- 
sentations are equivalent and related by Formula (8). In view of Lemma 12 
and Formulas (2, 8) for each Borel subset B in G a : fi a (B) = if and only if 
u a (B) = 0, consequently, measures ji a and u a are equivalent, since measures 
fi a and u a are Borel regular. 

16. Theorem. Let G = Tla^A^a an d H = Y\ aeA H a be two topological 
groups supplied with box topologies Tq and respectively, where topological 
groups G a and H a for each a G A satisfy Conditions 1(1 — 4), measures fi a 
on G a and u a on H a satisfy Conditions 2(1 — 4), a directed set A has not a 
minimal element. 

1. If topological groups G a and H a for each a G A are topologically 
isomorphic, then equivalent measures fi a and v a exist so that topological al- 
gebras L°°(L^(G' Q , fi a ) : a < (5 G A) and L°°(L^(if Q , v a ) : a < (5 G A) are 

isomorphic and their isomorphism T satisfies properties (1 — 3) below. 

2. If a bijective surjective continuous mapping T of L 00 (I} G ^(G a ) : a < 

(3 G A) onto L°°(L^(i7 a ) : a < (3 G A) exists and T _1 is continuous such 
that 

(1) a mapping T = (T a f a : a G A) is linear so that T a : L^(G Q ) — > 
L]j (H a ) for every a G A with (5 = <f>(oi); 

(2) T is positive, that is f a > in L^(G a ) if and only if T a f a > in 

(3) T is a ring homomorphism, that is T(f*u) = (f*Tu) for each f,uE 
L°°(L^(G a ) : a < (3 G A), 

then topological groups G a and H a are topologically isomorphic and mea- 
sures n a and v a are equivalent for each a G A. 

Proof. If u a : G a — > H a is a topological group isomorphism for each 
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a G A, then an operator T with (T a f a )(h) := f a (u a l (h)) for every a G A 
and /i G and f a G (G Q ) has the desired properties. Taking a measure 

v a — /i a o uj~ l on H a for any a G A establishes an isometric isomorphism T 
which satisfies Conditions (1 — 3). 

Conversely, let T satisfy the conditions of this theorem. Then from the 
conditions of this theorem the algebraic isomorphisms 

(4) U(G) = U(H) and S(G) = S(H) follow, where U{G) and S(G) 
denote the families of all operators satisfying Conditions 11(1 — 3) and (11(1 — 
3), 14(1, 2)) correspondingly. These algebraic homomorphisms are induced by 
the operator T according to the formula 

(5) U{G) 9P4 fPf- 1 G U(H). 

In view of Theorem 11 and Lemma 14 there are algebraic isomorphisms 
G = U(G)/S(G) and H ^ U(H)/S(H), since the group algebra L°°(L}, p (G a ) : 

a < (3 G A) is isomorphic with L°°(L l H (H a ) : a < (3 G A), where G and 

H denote the groups of left translation operators from §11. Therefore, al- 
gebraically the group G is isomorphic with G and the group H with H 
respectively, since a directed set A has not a minimal element. But the map- 
pings T and T _1 are bijective, surjective and continuous, applying (3) and 
11(3,17,18,20) we get the topological isomorphism u a of G a with H a for 
each a G A. 

In view of Theorem 15 measures fi a ° w a 1 and u a on H a are equivalent 
and the isometric isomorphism of group algebras is provided by the mapping 

L^(G a ,f, a ) 3f a ^ Ua^a 1 ) ^^ 1 G L^(H a ,u a ) Va G A. 

17. Definition. Let 

(1) (g/3*f a )(s)= g l3 (x)f a (e^(x~ l )s)n P (dx) and 

(2) (^/aXa) = / g p {x)U8Bi{x- x ))iJLp{dx) 
for each s G G a . 

The group algebra L°°(L^(G' Q ,) : ct < /3 G A) will be called meta- 
commutative, if the following condition is satisfied: 

(3) W-^M)W--).^--W * ^-')«W)K«W) 
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= [gp{y)*Uei{s)ei{y-')]{ei{s)) 

for each a G A, every s G G 7 with (5 = <p(a), 7 = 0(/3), for every f,g G 
L°°(L l G0 (G a ) : a < f3 e A) such that g a o9^ = gp and 
(4)/ a o^/^on^. 

18. Theorem. T/ie group algebra L°°(L^(G' Q ) : a < /3 G A) is meta- 
commutative if and only if a group G is commutative. 

Proof. A group G is commutative if and only if a group G a is commu- 
tative for each a G A. Since there are approximations of Dirac's measure 5 Z 
on G a in this group algebra, then the group G a is commutative if and only 
if 

(1) faiy^s) = faisy- 1 ) for each f a G iyG«) and any x,s G G a . 

On the other hand, each continuous bounded function f a on G a is also 
continuous on 0^(Gp) relative to the topology 0^{rp), since r a D 9^(Gp) C 
6*f (rg), consequently, / Q has a continuous bounded restriction = f a °0a on 
the topological space {Gp,Tp). This restriction satisfies Condition 17(4). 
The space of bounded continuous functions f a satisfying 17(4) is dense in 

Therefore, it is sufficient to demonstrate that Equality (1) is equivalent 
to 17(3) for any y,s G 92,(G y ), since G 7 is dense in G a and in Gp, where 
f3 = 4>(a) and 7 = 4>(f3). From Formulas 17(1, 2) we infer that 



o, ^(x-i^( S ))p^(^( S -i),^( S -i)x 

after the change of the integration variable y = x _1 ^(s), where a; G and 
s G Gj. Therefore, from Formulas (2) and 17(1,2) it follows, that Condition 
17(3) is equivalent to the equality 



(3) / 9p {x)fM{*- X W*))l*e{te) = L g P {x)U6}{s))6i{x- l ))^{dx). 

A bounded continuous function gp is arbitrary in Lq (Gp) in the latter for- 
mula, consequently, Equality (1) is satisfied if and only if 17(3) is valid. 
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